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String Physics and Black Holes 

Leonard Susskind and John Uglum^ 

'^Department of Physics, Stanford University 
Stanford, CA 94305-4060 USA 

In these lectures we review the quantum physics of large Schwarzschild black holes. Hawking's information 
paradox, the theory of the stretched horizon and the principle of black hole complementarity are covered. We 
then discuss how the ideas of black hole complementarity may be realized in string theory. Finally, arguments 
are given that the world may be a hologram. 



1. Introduction 

An outsider listening to this conference might 
get the idea that there is such a thing as string 
theory, that string theory is a relatively complete 
theory of the world, including gravitation. We do 
not believe this is so, at least not yet. There is a 
wide class of phenomena, perhaps the most inter- 
esting phenomena for future study, which string 
theory in its present formulation cannot address 
at this time, and perhaps cannot address at all- 
Planck scale physics. 

The distinction between Planck scale physics 
and string scale physics is often ignored in string 
theory, but it is an imporant one. If g is the 
string coupling and the number of large (uncom- 
pactified) spacetime dimensions is D, then the 
Planck scale £p is related to the string scale is 
by the relation £p~^ = g'^£g~^. It is usually as- 
sumed that the string coupling is very small, so 
there is a large difference between the two scales. 
Most of the phenomena that we are able to discuss 
in string theory-the spectrum, scattering ampli- 
tudes, etc. are all phenomena that have to do 
with the strings scale, not the Planck scale. 

There is a host of problems at the Planck scale 
which the present formulation of string theory is 
simply incapable of handling. These include 

• The thermodynamics of strings and their 
behavior at temperatures above the Hage- 
dorn temperature 0| 

• Very high energy scattering processes at 
very small impact parameter H 



• Black hole evaporation and the puzzles as- 
sociated with it 

• The cosmological constant problem 

In the case of a high energy central collision be- 
tween two strings, it is easy to guess the answer-a 
black hole forms, and then evaporates. But we 
can't study this in string theory. If we did under- 
stand quantum gravity, then we could answer all 
of these questions. 

The plan of these lectures is as follows. First, 
we will review the physics of horizons, includ- 
ing their thermal behavior, and all of the funda- 
mental physics of large mass Schwarzschild black 
holes. We will see that all of the paradoxes as- 
sociated with black hole evaporation can be ad- 
dressed in this simple context, and attempts to 
resolve these paradoxes will lead us to the idea of 
black hole complementarity. 

After reviewing the light front gauge formula- 
tion of strings, we will be able to ask how string 
theory might be able to resolve the paradoxes of 
black hole evaporation. In particular, we will be 
interested in how string theory stores informa- 
tion, and how the Planck scale is generated from 
string theory. We will discuss the entropy of hori- 
zons in string theory. Finally, we will discuss 
some ideas about the world as a hologram, due 
to 't Hooft and Susskind. 

If one were to plot the distance scales that are 
probed as one increases the energy of a process, 
we know that for ordinary relativistic field theory, 
the length scale decreases as the energy increases. 
What we are now finding in string theory, how- 



2 



ever, is that this behavior does not continue for- 
ever. Increasing the energy beyond the Planck 
energy, one starts to probe larger distances in- 
stead of smaller ones. This is the energy region 
which we must understand to solve the aforemen- 
tioned problems. 

2. Schwarzschild Black Holes 

The line element for the eternal Schwarzschild 
black hole geometry, in Scwarzschild coordinates 
{t,r,e,(p), is given by 

, -1 



ds^ = - (1 - 



(1- 



2GM ^ 



dr^ 



(1) 



where G is Newton's constant, M is the black hole 
mass, and dVt^ is the line element of the unit two- 
sphere. The surface r = 2GM, t = oo is the future 
event horizon. There is also a past event horizon 
at r = 2GM,t — — oo, but we will not concern 
ourselves much with this, since for black holes 
formed by the gravitational collapse of matter it 
is absent. The singularity is at r = 0. 

Light signals from points outside the horizon 
can reach infinity, whereas light signals from 
points inside the horizon necessarily terminate 
when they reach the singularity. We can therefore 
think of the horizon as consisting of those photons 
which were just barely trapped by the black hole. 
Physics is complicated near the singularity, so we 
will restrict our attention to physics strictly out- 
side the black hole. It is our belief that most of 
the interesting physics is at the horizon, anyway. 

To a freely falling observer, there is nothing 
special about the horizon. All of the local geo- 
metrical invariants remain small at the horizon, 
so there is no local signal that he has crossed into 
the region of the black hole, and he can cross the 
horizon into the black hole in a finite amount of 
proper time. Note, however, that < = oo on the 
horizon, so an external observer, whose proper 
time is proportional to t, will never see anything 
cross the horizon. This is the first of a series of 
peculiar situations in which observers inside and 
outside will disagree. 

Suppose we are interested in a region of space 
very close to the horizon, small compared to the 
size of the black hole, but large compared to any 



microscopic scales. (Equivalently, we might be 
interested in a black hole with very large M.) In 
this case, the Schwarzschild line element can be 
simplified. If we define p to be the proper distance 
from the event horizon. 
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and define a rescaled time coordinate uj 
then for r-2GM < GM, Eq. (|l|) can be approx- 
imated as 



ds-" 



dp^ + dy^ + dz^ 



(3) 



where y and z denote the directions tangent to the 
horizon. Eq. (|^) is known as the Rindler metric, 
and is nothing more than flat Minkowski space 
in hyperbolic polar coordinates. If {T,X,Y,Z) 
denote the coordinates of Minkowski space, then 



T = psinh(w) , 
X = /9C0sh(tj) , 

r = y, Z = z. 



(4) 



A freely falling observer simply corresponds to an 
intertial Minkowski observer, and there is clearly 
nothing special about the horizon, which is just 
an ordinary light-like surface. 

There is, however, something interesting about 
our parametrization of flat space. The time 
coordinate uj does not behave like an ordinary 
Minkowski time variable-in fact, it corresponds 
to a Lorentz boost parameter, and goes to infin- 
ity on the light like surface of the horizon. Space- 
like surfaces of constant m accumulate near the 
horizon. Observers at fixed p describe hyperbolic 
trajectories, which means that they correspond 
to uniformly accelerated observers in Minkowski 
space. This makes sense, of course, since an ob- 
server who wants to remain outside the black hole 
must have a rocket or some other means of propul- 
sion to keep from falling in. A diagram of Rindler 
space is shown in Fig. |l|. 

The classical physics of observers who are re- 
stricted to remain only in the first quadrant of 
Rindler space, corresponding to the region out- 
side the black hole, is completely consistent. Al- 
though signals which originate in quadrant IV can 



Figure 1 . A diagram of Rindler space showing the 
four quadrants and the horizon. 



Figure 2. The Schwarzschild geometry in Kruskal 
coordinates. 



influence events in quadrant I, they must cross 
the past horizon at uj = — oo, and can therefore 
be treated as initial data. Similarly, signals which 
propagate out from quadrant I into quadrant II 
must cross the surface w = cxd. Quadrant III is 
simply out of causal contact with quadrant I, and 
signals originating there have no effect on events 
in quadrant I. When it comes to doing quantum 
mechanics in Rindler space, however, the story 
will get more complicated. 

Now that we have some new intuition about the 
nature of spacetime near the horizon of a black 
hole, let's return to the full Schwarzschild metric 
and see if we can make some of the ideas obtained 
using the Rindler space approximation more pre- 
cise. Let us first define the Regge- Wheeler tor- 
toise coordinate 

r^=r + 2GM\n{r/2GM -1) (5) 
and the Kruskal-Szekeres coordinates 



U = -exp((r* -<)/4GM) 
V = exp((n +i)/4G'M) . 



(6) 



Then the line element can be written 

ds^ = dUdV + r^dn^ . (7) 

r 

The metric in the {U, V) plane is conformal to flat 
space, and nothing special happens at the horizon 
r = 2GM. Note, however, that the singularity at 
7' = has reappeared. Fig. || shows what the 
geometry looks like in the {U, V) plane. 

Using this diagram it is easy to understand the 
disagreement between freely falling and external 
observers. A freely falling observer simply fol- 
lows a geodesic, crossing the horizon in a finite 
amount of proper time and eventually crashing 
into the singularity. When the freely falling ob- 
server crosses the horizon, he will no longer be 
able to send signals to the outside world. The ex- 
ternal observer, in order to avoid the black hole, 
must be constantly accelerating, and therefore 
follows a hyperbolic trajectory. The horizon cor- 
responds to a null surface which the external ob- 
server cannot intersect in a finite time, and thus 
must be at i — oo. An external observer can 
only receive signals from points outside the hori- 
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zon, and can thus never "see" anything cross the 
horizon. 

In addition, as with the Rindlcr case, the sur- 
faces of constant time accumulate near the hori- 
zon, and the time coordinate t actually corre- 
sponds to a kind of Lorcntz boost parameter. As 
t increases, the relative boost between the exter- 
nal observer and an infalling particle increases. It 
is easy to show that as the particle falls toward 
the horizon, its momentum as seen by the ex- 
ternal observer increases like exp(t/4GM). The 
black hole is the ultimate particle accclcrator-the 
momentum of any particle as seen by the external 
observer will eventually become much larger than 
the Planck mass. 

3. Quantum Physics in Rindler Space 

Now let us consider the question of how to do 
quantum mechanics in Rindlcr space. Consider a 
single real free massless scalar field </> propagat- 
ing in Rindler space. It will prove convenient to 
consider the wave equation for (j) using the tor- 
toise coordinates {t, r^,0, ip). The reason for this 
is that as r, runs from — oo to oo, it covers the 
region from the horizon out to infinity. Thus it 
covers only the region outside the black hole. In 
these coordinates, the line element is 
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-de + drl] + r^dn'' , (8) 



and we see that the (t, r*) part of the metric is 
conformal to flat space. Thus, for a massless 
scalar field, we expect the wave equation to take 
on a simple form. If we define ip = rcj) and expand 
tp in spherical harmonics YJ", then the action for 

v-r is 



where 



2GM 



' + 1) 2GM 



(9) 



(10) 



The new feature is Ve, which has the form of a 
position-dependent mass term for ip. Ve is the 
relativistic generalization of a centrifugal barrier, 



but it behaves differently than an ordinary cen- 
trifugal barrier, because while it is repulsive far 
from the black hole, it is attractive for r < 3GM. 
This means that particles of high angular momen- 
tum can be trapped in the region between the 
horizon and r = 3GM, and can rattle around in 
this region. 

It is enlightening to examine the wave equation 

using the Rindlcr approximation. If we define a 
variable u = ln(p), then u behaves like r«, in that 
it goes to oo at asymptotic infinity and — oo at 
the horizon. We can Fourier expand the field (f> 
to obtain transverse momentum modes In the 
coordinates the Lagrangian for takes a 

particularly simple form. 



(11) 



The potential barrier is now given by = fc^e^", 
and we see that only the mode with k = can 
escape to infinity. 

The next important piece of information we 
will need is the thermal nature of Rindler space. 
Specifically, we will see that a Rindler observer 
describes the ordinary Minkowski vacuum by a 
thermal density operator. This is a general re- 
sult, not restricted to the above case of a massless 
scalar field. Consider dividing the hypersurface 
T = of Minkowski space into two halves, one 
with X < 0, and one with X > 0. We will call 
these halves the left and right halves, respectively. 
Assume that the Hilbert space H on the hyper- 
surface T = factorizes into a product space 
Ti-L® 'Hr. If {|&)l} is an orthonormal basis for 
Hl and {|a)fl} is an orthonormal basis for Hr, 
then a general ket lip) inH can be written 



\a}R 



(12) 



b,a 



If we now trace over the degrees of freedom in Ti^ , 
the resulting density matrix for the right half of 
the hypersurface is given by 



p{a, a ) =^ilj{b, a)^)* {b, a') . 



(13) 



Since we argued that no causal signal from the 
hypersurface T = 0,X < can enter quadrant 
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I, the complete set of states on the hypersurface 
T = 0, X > is in fact the complete set of states 
needed to describe physics in Rindlcr space for all 
time. Thus, the above construction is precisely 
the density matrix used by a Rindler observer in 
quadrant I. 

Now consider performing this decomposition 
for the Minkowski ground state |0). Given some 
arbitrary set of fields, which we will denote by (p, 
we can represent the ground state wave functional 
^q{4') by using the Feynman-Kac formula, 

*o(0) = jme-'^^^ , (14) 

where / is the Euclidean action for the field and 
the integral is over the set T of functions defined 
for T > and which match at T = 0. Let 
Hn denote the Rindler space Hamiltonian for the 
field (j), which generates translations in w. Since 
w corresponds to hyperbolic boost angle in the 
(T, X) plane of Minkowski space, when we Wick 
rotate to Euclidean space, Hr becomes the gen- 
erator of rotations in the (T, X) plane. Thus we 
can write 

*o(0) = l{(I>l\ exp{-HRw)\(l)R)R . (15) 

Thus the density matrix for the Minkowski vac- 
uum, po{(f)R,^'j{), is given by 

= fl(0fl|e-''^^«|0'fl)ij, (16) 

and so the density operator for the Minkowski 

space vacuum is pQ = cxp(—2ttHr), which is in- 
deed thermal, with inverse temperature /? = 27r. 

This phenomenon is known as the Unruh ef- 
fect: accelerating observers experience thermal 
radiation. But is there any sense in which the 
Rindler observer is actually experiencing a bath of 
thermalized particles? Would a real thermometer 
measure a temperature? The answer is yes. Con- 
sider the fact that there are always fluctuations of 
the vacuum. These fluctuations can be described 
as loops in spacetime. Some of these loops will 
encircle the origin, lying partially inside and par- 
tially outside quadrant I. But since these loops 



intersect the surfaces u = —oo and a; = oo, as far 
as the Rindler observer is concerned, they are par- 
ticles which arc present for all time. The Rindlcr 
observer sees these fluctuations as a bath of ther- 
mal particles which are ejected from the horizon 
infinitely far in the past and which will eventually 
fall back onto the horizon in the infinite future. 

Note however that this is an interpretation 
of a particular phenomenon by a particular ob- 
server. A freely falling inertial observer would not 
describe these vacuum fluctuations in the same 
way. In fact, the freely falling observer would 
not be able to distinguish these fluctuations from 
any other vacuum fluctuations, and would notice 
nothing out of the ordinary. It is only the Rindler 
observer who can distinguish this thermal radi- 
ation, and only the Rindler observer who must 
describe the vacuum using a thermal density ma- 
trix. 

The proper temperature measured by a Rindler 

observer at distance p from the horizon can be ob- 
tained from the Rindler temperature Tr = l/27r 
by using the transformation between Rindler time 
and proper time. The proper temperature is thus 
given by Tp^oper = ^/"ii^p- A Rindler observer 
will therefore describe the region close to the hori- 
zon as a very hot place, and in order to describe 
physics in this region, he will have to understand 
physics at extremely high temperatures. If the 
Rindler observer uses an effective theory with 
some cutoff mass A, then it is natural to impose a 
cutoff at a distance of order 1/ A from the horizon, 
beyond which the observer cannot penetrate. For 
consistency, however, this boundary surface must 
be endowed with some set of degrees of freedom 
which represent the degrees of freedom integrated 
out to obtain the effective theory at scale A, and 
should behave like a hot membrane. This surface 
effectively augments the horizon, and is known as 
a stretched horizon. We will return later to this 
very important idea. 

Now that we have determined that a Rindler 
observer experiences a temperature which de- 
creases as one moves away from the horizon, let us 
return to the quantum fields. For each transverse 
momentum mode k 0, the field (p^ is excited to 
a thermal spectrum. Each mode is populated ac- 
cording to the Boltzmann distribution with tem- 
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perature l/27r, so the modes with energies greater 
than 1/277 will be exponentially suppressed. But 
for energies less than l/27r, there will exist a bath 
of thermal particles which create a thermal atmo- 
sphere around the black hole. Only for the mode 
with A; = can these particles escape to infinity. 

As we saw earlier, Rindler space is a good de- 
scription of any region of the horizon small com- 
pared to the entire black hole. Let us then con- 
sider the interpretation of these results for the 
finite mass black hole. High angular momentum 
particles which are ejected from the region close 
to the horizon are deflected by the centrifugal 
barrier and become part of the thermal atmo- 
sphere of the black hole. Only the lowest an- 
gular momentum modes can escape the centrifu- 
gal barrier. This slow leakage of particles out of 
the centrifugal barrier is known as Hawking ra- 
diation j^], and leads to the eventual evapora- 
tion of the black hole. The temperature as ob- 
served by an observer at asymptotic infinity is 
Too = T]^duj/dt = I/SttGM, which is known as 
the Hawking temperature. This implies an evap- 
oration time for the black hole of order G^IvP . 
The fact that only the lowest angular momentum 
modes can escape is the reason for the long evap- 
oration time of the black hole. 

4. Gedanken Experiments Involving Black 
Holes 

In the previous sections, we have argued that 
an external observer can describe the black hole 
as a hot membrane which can absorb and emit 
particles. Let us now consider a gedanken ex- 
periment designed to test the existence of the 
stretched horizon [Q. 

Suppose that physics below some energy scale 
A can be described by a more-or-less standard 
grand unified theory. If the claim that the 
stretched horizon behaves like a hot membrane 
is correct, then an observer near enough to the 
horizon ought to be able to detect baryon num- 
ber violation. Now, we can make the black hole 
as large as we like-galactic size, for example-so 
all the tidal forces at the horizon are exceedingly 
small, and it is hard to imagine how we are going 
to see any baryon number violation. Neverthe- 



less, let us press on and see what we find. 

Imagine constructing what we call a "GUT 
bucket" . The GUT bucket is sealed, so that no 
GUT particles can enter or leave the container, 
and has the property that it can withstand GUT 
scale temperatures, but not Planck scale temper- 
atures. Although we know of no way to construct 
such a GUT bucket, there is no reason to think 
that such a container in any way violates the laws 
of physics, so it should be perfectly fine to per- 
form gedanken experiments with it. We can imag- 
ine that the bucket is suspended above the black 
hole by some mechanism like a winch, and that 
we can slowly lower the bucket toward the surface 
of the black hole. 

The experiment we will perform, then, is to 
start off with the bucket far away from the hori- 
zon, where temperatures are far less than the 
GUT scale, with no baryons in it. We will then 
slowly lower the bucket down toward the horizon 
until it has reached a distance of order 1/A, and 
after some time, slowly raise the bucket back to 
the region far from the horizon. We will then 
open the bucket and find out if baryon number 
has been violated. 

If we do this many times, on the average we will 
find that baryon number has not been violated, 
but for any given individual trial, we can expect 
to see baryon number violation. The theory be- 
hind this is quite simple. In order to suspend the 
GUT bucket a distance A from the horizon, we 
must subject the GUT bucket to an acceleration 
of order 1/A to prevent it from falling into the 
black hole. This acceleration disturbs the vacuum 
within the bucket on frequency scales of order A, 
and the interactions of these vacuum fiuctuations 
with the walls of the bucket, etc. can produce 
baryon number violating effects. 

Suppose we now change the experiment a little: 
suppose we allow the bucket to fall through the 
horizon freely. As we stated earlier, there are no 
large gravitational or tidal forces at the horizon 
of a big black hole, so there is no local signal that 
the bucket has fallen through the horizon, and 
an observer in the bucket will not be able to de- 
tect any baryon number violation. On the other 
hand, once the bucket has fallen through the hori- 
zon, it cannot report to the outside world that 
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there was no baryon number violation, so there is 
no contradiction here. An outside observer can- 
not derive a contradiction because he cannot get 
the information that there was no baryon number 
violation, and the observer inside the bucket de- 
tects no baryon number violation until he meets 
his demise at the singularity. 

So, can we change the experiment to try and 
obtain a contradiction? Suppose we prepare an- 
other GUT bucket, which we will allow to fall 
freely through the horizon, but this time we pro- 
gram the bucket to send out a message when it 
has reached a distance 1/A from the horizon to 
tell us whether or not there is any baryon number 
violation. If, however, the experimental appara- 
tus and signalling device all operate by sending 
out electromagnetic radiation (i.e. they work as 
fast as they possibly can), then the entire pro- 
cess of measurement and signalling must occur 
within a time interval 1/A. This process intro- 
duces frequencies of order A into the measure- 
ment and signalling processes, so the very act of 
measuring and reporting on the baryon number 
within the bucket in a time interval of order 1 /A 
can, in fact, change the baryon number within 
the bucket. This is a classic example of quantum 
mechanical complementarity. 

There is a second and perhaps more convincing 
way to understand the results of the above exper- 
iment. Let us for the moment igore questions of 
confinement, and suppose that we are able to put 
a single quark into the GUT bucket. Let us sup- 
pose further that the GUT theory has dimension- 
less coupling a at the scale A, which governs the 
strength of an interaction between quarks, anti- 
quarks, and X-bosons. This is a baryon num- 
ber violating interaction. In what sense, then, is 
baryon number conserved? If we were to calcu- 
late the fraction of a given interval of time that a 
quark spends as an anti-quark, that is, the frac- 
tion of the time spent "in the wrong state", we 
would find that this fraction is non-negligible, and 
is in fact proportional to a. The point is, however, 
that these virtual transitions occur very fast-on 
time scales of order 1/A. If we define a time av- 
eraged baryon number, where we average over in- 
tervals large compared to 1 /A, then we would find 
that it is this averaged or effective baryon number 



which is very hard to change. It is in this sense 
that the baryon number violating interactions are 
unimportant for low energy physics, because we 
need high energy interactions to notice them. 

Now suppose that the quark in our GUT bucket 
makes such a transition as it is passing through 
the horizon. This will occur in roughly a frac- 
tion a of the trials. Thus, during the entire time 
at which the measurement is occuring, the quark 
is in the wrong state, and the measurement ap- 
paratus will report this result. We see, there- 
fore, that it is the uncertainty principle of quan- 
tum mechanics, and nothing to do with gravita- 
tional forces, that causes the experiment to report 
baryon violation. 

A third way of understanding this is to draw 
the Feynman diagram of a quark undergoing this 
transition. If the loop representing the virtual 
states does not lie entirely within quadrant I of 
Rindler space, then the virtual states necessarily 
intersect either lu ~ ~oo or lu ~ oo. Thus, from 
point of view of a Rindler observer, the transition 
is not virtual at all, but represents an interaction 
which changes a quark into an anti-quark and X- 
boson, which remain in the Rindler spacetinie for 
all time. 

There are other gedanken experiments one can 
devise to test the existence of the stretched hori- 
zon from the external observer's point of view [Q . 
In general, one finds that the description is con- 
sistent with the known laws of physics, and any 
apparent paradoxes can be traced to unwarranted 
assumptions about the nature of physics at the 
Planck scale. 

5. The Stretched Horizon and Black Hole 
Complementarity 

Throughout the last few sections, we have de- 
veloped some new insight into the way a black 
hole can be described by an external observer. 
This description is in terms of a stretched horizon, 
which we understand loosely as a very hot mem- 
brane just above the black hole surface. From 
the point of view of an external observer, the 
stretched horizon can interact with infalling mat- 
ter, and can absorb and thermalize information 
possessed by that matter. Let us now summarize 
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what is known about the stretched horizon. Much 
of this was developed in the book by Thorne, 
Price, and MacDonald 

The stretched horizon can be summarized as a 
membrane which hes just above the event hori- 
zon. In the formulation of the exact distance 
of this membrane above the horizon is somewhat 
arbitrary, and is generally fixed for convenience. 
For example, if the outside observer performs 
measurements which are sensitive to energies up 
to the weak scale, then the stretched horizon may 
profitably be thought of as lying at a distance of 
about the weak scale from the event horizon. The 
interactions of the stretched horizon with the out- 
side world can be thought of as arising from the 
boundary conditions that must be implemented 
in the cutoff theory. More recently, studies of 
black hole horizons in the context of string the- 
ory have shown that the stretched horizon is most 
naturally thought of as lying at the string scale 
above the event horizon, where the local tempera- 
ture becomes of order the Hagedorn temperature, 
as seen below. 

The temperature of the horizon is given by 
TsH = l/27rpsij, where psH is the proper dis- 
tance from the event horizon to the stretched 
horizon. This is a universal temperature for all 
non-extremal black holes for a given psH- Re- 
member that we found that the centrifugal barrier 
causes almost all of the particles emitted from the 
black hole to be defiected back in, so these par- 
ticles form a thermal bath above the black hole 
horizon. The fact that very few of the particles 
get out means that the black hole evaporation 
process is very slow, so the idea of thermal equi- 
librium and temperature is well defined. 

The horizon has other interesting physical pro- 
perties as seen by an external observer. It has 
an electrical resistivity. If you place two elec- 
tical leads on the stretched horizon and mea- 
sure the resistance, you find a resistivity of 377 
ohms/square. 

The horizon has an entropy per unit area, given 
by the Bekenstein-Hawking formula 
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1 

4G 



(17) 



dynamic relation dE = TdS, where the energy 
E of the black hole is simply its mass M, the 
temperature is given by T = 1/8ttGM, and the 
area of the horizon is A = WttG^ AP . (There is 
a constant of integration which comes from this 
formula, which gives a subleading term which will 
not concern us much here. We are not going to 
entertain the possibility that this constant is in- 
finite.) 

The horizon also has an energy per unit area. 
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(18) 



which is obtained as follows. The Poisson bracket 
between Schwarzschild time and energy is given 
by {t, M} = 1. Now consider an observer at rest 
very close to the horizon. The proper time of an 
observer at proper distance p from the horizon is 
given to leading order in p by 

(19) 



iGMp ' 

Let the energy of the black hole as measured by 
this observer be E. Then we have the Poisson 
bracket relation {a;,i?} = 1. Writing E{M), we 
obtain the relation 



{t,E{M)} = AGMp. 
Integrating up this equation gives 
E{M) = 2GM^p , 



(20) 



(21) 



This formula is easily obtained from the thermo- 



and thus E/A = l/SnGp. Setting p — psH gives 
the result Eq. (|l|). 

The horizon also has both bulk and shear vis- 
cosity. If an object falls into black hole, it will 
deform the surface of the black hole, and the de- 
formation will propagate around the surface as 
would a disturbance in a viscous liquid. So, it is 
starting to sound like the properties of the hori- 
zons of all non-extremal black holes are univer- 
sal, and indeed this is so. There is something 
strange about all this, though, in view of the fact 
that a freely falling observer will not see any of 
this. The conclusion is that there is no invari- 
ance to the existence of the stretched horizon-its 
existence depends upon one's state of motion. 
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We would now like to introduce a principle, 
called the Principle of Black Hole Complementar- 
ity. This is a speculative principle which was in- 
troduced to solve the black hole information prob- 
lem 1^. The principle can be stated as follows. 

• From the point of view of an external ob- 
server, the stretched horizon exists and is 
a collection of quantum mechanical, micro- 
scopic degrees of freedom which can absorb, 
store, thermalize, and emit any quantum 
mechanical information which falls into the 
black hole. 

• A freely falling observer will not detect the 
stretched horizon, nor will he experience 
any other local signal when he crosses the 
horizon. 

We saw above in Chapter 4 that there are no 
obvious internal inconsistencies in the principle 
of black hole complementarity, although there are 
some serious arguments why it is wrong, but be- 
fore we examine these arguments, let us digress 
for a moment and examine the connection be- 
tween information, entropy, and how normal ther- 
modynamic systems are supposed to behave. 

6. Information and Entropy 

We have not really defined information yet, al- 
though we have alluded to the paradox of infor- 
mation loss in black hole evaporation. Let us 
first consider the concept of entropy of entan- 
glement between two quantum systems. Sup- 
pose we have two quantum systems, A and B, 
and suppose the combined system is in the state 
lip) & H = T-La^'Hb- As we saw in section 3, if we 
trace over the degrees of freedom in T-Lb, wc ob- 
tain a density operator p whose matrix elements 
are given by 

PA(a,a') = 5]^(a,6)V'*(a',6). (22) 
h 

Given such a density matrix, one can obtain the 
entropy of entanglement between A and B, which 
is defined to be 

Sa - -tr [pA Hpa)) ■ (23) 



It is easy to see that Sa = Sb- The entropy of 
entanglement is essentially the logarithm of the 
number of independent states which have a non- 
trivial probability of being occupied. This en- 
tropy arises because the systems have non-trivial 
correlations with each other. 

There is another kind of entropy, which we 
will call entropy of ignorance. This entropy is 
not there because the system is necessarily en- 
tangled, but simply because you have not mea- 
sured all the possible variables needed to com- 
pletely specify the state of the system. For ex- 
ample, thermodynamic entropy is of this type. 
For a thermal system, instead of using a density 
operator obtained from tracing out microscopic 
degrees of freedom, one simply postulates a den- 
sity operator of the form p = exp{—f3H)/Z{P), 
where Z{j3) is the partition function. In general, 

S entanglement ^ Sthermah bcCaUSC Sthermal rep- 
resents not only the entanglement of the system 
with its environment, but also entropy our igno- 
rance of it. The information / contained in a 
system can be defined as the difference between 
the maximum entropy of ignorance, usually taken 
to be the thermodynamic entropy, and the entan- 
glement entropy, so / = Smax — Se- 

To understand how entropy and information 
behave in ordinary systems, let us now consider 
a gedanken experiment due to Sidney Coleman. 
Consider a lump of black coal, which we will treat 
as an ideal black body, at zero temperature. Let 
us illuminate the coal with a sequence of pulses 
from a laser beam. This heats up the coal, which 
begins to glow and radiate away the energy ab- 
sorbed from the laser in the form of thermal radia- 
tion. This continues until the coal has cooled back 
down to its ground state. Since we know that the 
S*— matrix for this process exists and is unitary, 
it must be true that the information coded in the 
sequence of pulses must still be present. Since the 
coal has cooled back down to zero temperature, it 
contains no information, so the information must 
be contained in the radiation field. So we see that 
thermal radiation can, in fact, code information, 
although we have not determined the mechanism 
by which it does this. 

This question was analyzed in a brilliant paper 
by Don Page whose results imply that the 
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Figure 3. Plot of thermal and entanglement en- 
tropies of two subsystems. 



information is in fact coded in long-time, long- 
distance correlations between the photons. The 
analysis went something like this. Consider the 
combined quantum system composed of the ra- 
diation field and the lump of coal. Initially, the 
thermal entropy of the coal is very large, while 
that of the radiation field is very small. In Fig. ^ 
we have plotted the thermal and entanglement 
entropies of the systems as functions of time. 
The entanglement entropy, common to both sys- 
tems, must be less than either of their thermal 
entropies. Page found that the entanglement en- 
tropy is almost exactly equal to the thermal en- 
tropy of the radiation field, up to the point where 
the thermal entropies of the radiation and the 
coal are equal. At the crossover point, the entan- 
glement entropy comes within about one bit of 
the thermal entropy, and then begins decreasing. 
It closely follows the thermal entropy of the coal 
down to zero. At this point, the systems are com- 
pletely unentangled, but there is a large amount 
of thermal entropy (i.e. entropy of ignorance) in 
the radiation field. The information represented 
by this entropy contains the information coded in 
the sequence of laser pulses. 

The question Page asked was, how much of the 
combined system must we measure before we can 



get any information out? The answer is that we 
must be able to sample at least half of the com- 
bined system before we can obtain even one bit 
of information. This shows that the information 
is not contained in short distance correlations, 
which could be distinguished by examining small 
portions of the system, and so must be contained 
in long-distance correlations. From this, we see 
that the information in the laser beam is first 
stored by the coal, and then transferred to the 
radiation field in the form of long-distance (or 
long-time) correlations between the photons. 

Of course, we are interested in black holes, not 
coal. The point is that the principle of black hole 
complementarity implies that black holes behave 
exactly the same way. The information which 
is contained in the infalling matter is thermal- 
ized by the stretched horizon, and re-emitted in 
the Hawking radiation. But to decode the ini- 
tial information, one must look at very long time 
correlations between the Hawking photons. To 
retrieve even one bit of the initial information, 
even in principle, one must wait for a time of or- 
der half the lifetime of the black hole. In reality, 
decoding the information from the radiation field 
is an extraordinarily complicated process (as in 
the case of the coal). 

7. Formal Arguments Against Black Hole 
Complementarity 

The first argument we shall consider concerns 
the location of information in the plane of the 
horizon. Suppose we have a large black hole, and 
suppose we allow a neutron to fall through the 
horizon at transverse location (^Qj'Po)- Standard 
calculations in quantum field theory show that, 
after the neutron has fallen through the stretched 
horizon, the information needed to distinguish 
the particle as a neutron (i.e. S'?7(3) x SU{2) x 
C/(l) quantum numbers, baryon number, lepton 
number, etc.) can be obtained by measuring a 
small region around (^Oi'/'o)- This certainly con- 
tradicts the idea that the stretched horizon con- 
tains microscopic degrees of freedom which ther- 
malize and scramble all the infalling information. 

If black hole complementarity is to be cor- 
rect, then it must be the case that some new 
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physics enters which thermaUzes the information 
contained by the neutron, and causes it to spread 
out over the horizon. This is a necessary con- 
dition for a theory which implements black hole 
complementarity. We will return to this condition 
in the context of string theory shortly. 

A second argument concerns the longitudinal 
behavior of matter as it falls toward the hori- 
zon. In Chapter 5 we argued that the horizon has 
an entropy per unit area given by Eq. and 
in Chapter 6 we argued that the entropy should 
be interpreted as the logarithm of the number of 
accessible microstates of the system. Now con- 
sider sending a particle toward a black hole. In 
the frame of an external observer, the momentum 
of the particle increases exponentially with time. 
According to the usual Lorentz contraction for- 
mula, the fields associated with the particle will 
contract in the longitudinal direction (direction of 
motion), and this contraction will proceed indef- 
initely, since the relative boost increases without 
bound. Thus the longitudinal region occupied or 
influenced by the particle can be made arbitrarily 
small. 

In the frame of the external observer, no par- 
ticle ever crosses the horizon. Since we have ar- 
gued that the longitudinal extent of particles can 
be made arbitrarily small, we see that, in effect, 
we can stack an arbitrarily large number of par- 
ticles in layers of ever decreasing thickness onto 
the horizon. This means that the number of ac- 
cessible states per unit area, and thus the entropy 
per unit area, can be made arbitrarily large, in 
contrast to the finiteness of the entropy per unit 
area given by Eq. (p^). Thus, if the entropy per 
unit area is to have any type of state counting 
interpretation, there must be a mechanism which 
halts the Lorentz contraction as some point, and 
prohibits us from stacking an arbitrarily large 
amount of information into the horizon. This pro- 
vides another necessary condition for a theory to 
implement black hole complementarity. 

We will now give an argument for information 
loss based on effective low energy field theory, 
called the nice slice argument. The precise for- 
mulation of the argument which we will use is due 
to Joe Polchinski, but the argument is implicit in 
the literature dating back many years. 



Consider the geometry for the formation of a 
large black hole by infalling matter, and imag- 
ine foliating the geometry by a family of Cauchy 
surfaces that have the following properties. First, 
the momenta of all the infalling particles are small 
in the frame of the surfaces. Second, the outgo- 
ing Hawking radiation has small momentum in 
the frame of the surfaces, up until the point that 
the black hole has become so small that the semi- 
classical approximation breaks down. Finally, the 
surfaces are everywhere smooth, so that there are 
no large local geometric quantities. We will call 
such a family of Cauchy surfaces a family of nice 
slices. The first construction of a family of nice 
slices that we are aware of is due to Wald. 

It is now easy to give the argument for infor- 
mation loss. Since all momenta relevant to the 
black hole formation and evaporation processes 
are small in the nice slice frame, and the adia- 
batic theorem guarantees that all the high en- 
ergy modes will be in their ground states, we can 
use low energy effective field theory to describe 
the process. Consider some information encoded 
in local correlations of the effective fields which 
propagates into the black hole. The equivalence 
principle states that nothing out of the ordinary 
happens to the infalling wave packet as it crosses 
the horizon, so a local observer falling with it 
must necessarily be able to retrieve the informa- 
tion after he has entered the black hole. This 
shows that the information is certainly inside the 
black hole. 

We now invoke the so-called "no quantum Xe- 
rox principle" . Suppose that the Hilbert space 
of states H factorizes into Tim ® Ti-out , and sup- 
pose that we try to build a quantum Xerox ma- 
chine that replicates the information contained 
in a state |'!/')in G 'Hin into a state in Hout- The 
quantum Xerox machine must be a linear opera- 
tor on the Hilbert space, which we will denote X. 
Then our rule is 

X [\^)^n ® h)out] = \^)^n ® W out (24) 

for any state \^)out G 'Hout- Now we can always 
write \^)in = \a)in + |/3)m for some |a)i„ and 
1/3) in e Hin- But then 

X[\^p)^n ® h)out] 
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= X[{\a)^n + \P)in)®\l)out] 

= X [|a),„ (g) \-f)out] + X ® |7)o„t] 

= |a)i„ (g) |a)o„t + |/3)i„ (g) \l3)out 

7^ |?^)^„^g |V')o«t| > ■ (25) 

Thus we sec that the operator X is not in fact 
a hnear operator, and so is not admissible. This 
shows that there is no such thing as a quantum 
Xerox machine. 

Now let us show why information must be lost. 
Since we are able to describe the black hole evap- 
oration process using effective local fields which 
commute at spacelike separation, the Hilbert 
space of the effective field theory factorizes into 
the product 7ii„ ® Ti-out ■ The no quantum Xerox 
machine principle then applies, stating that if the 
information contained by infalling matter is cer- 
tainly contained within the black hole, then it is 
certainly not contained in the region outside the 
black hole. Moreover, since the fields commute 
at spacelike separation, there is no way for the 
information to get outside the black hole once it 
has entered. Thus, the information cannot escape 
and is lost to the external observer. 

This seems to be an air-tight argument for in- 
formation loss, but it includes a crucial assump- 
tion, which is that the low energy theory is in fact 
a local field theory. That this is the case is not at 
all obvious, especially in string theory, so there is 
still hope. In the next section we begin our ex- 
amination of string theory, where we will see that 
there are indications that black hole complemen- 
tarity is realized in string theory. 

8. Light-Front String Theory and Comple- 
mentarity 

String theory is a theory of strings, not parti- 
cles, and it behaves very differently from ordinary 
quantum field theories in many respects. In this 
section we will analyze the physics of stringy mat- 
ter falling toward a horizon as described by an 
external observer, and will see that there is cir- 
cumstantial evidence that black hole complemen- 
tarity is realized in string theory. Specifically, we 
will show that the necessary conditions of trans- 
verse spreading and the cessation of longitudinal 
Lorentz contraction both occur in string theory. 



Although we presently do not have the tech- 
nology to quantize string theory in a black hole 
background, we saw earlier that in the vicinity of 
the horizon, the black hole geometry is well ap- 
proximated by Rindler space, so we shall use that 
approximation. Then we simply have strings in 
flat space, which we understand how to deal with. 

We will use the light-front gauge formalism of 
string theory. There are a number of reasons why 
the light-front formalism is convenient for this 
problem. Imagine a single string falling through 
a Rindler horizon. Since the surfaces of constant 
Rindler time uj are obtained by boosting the sur- 
face T = 0, it is clear that, given any inertial 
frame, the surfaces of constant lo become almost 
light-like with respect to this frame for lo large 
enough. Thus, evolution in Rindler time for large 
UJ is well approximated by evolution in light-front 
time. 

An important fact to notice is that the relation 
between proper time r in the frame of the string 
and Rindler time lo is given for lo large by 



Therefore, as lu gets large, less and less proper 
time in the frame of the string elapses per unit 
of Rindler time, so a Rindler observer "sees" 
the string with an ever increasing time resolu- 
tion. More precisely, if a Rindler observer at fixed 
proper distance from the horizon samples outgo- 
ing photons at a uniform rate of one sample per 
unit Rindler time, then the world lines of the sam- 
pled photons form a sequence of light like surfaces 
which accumulate at the horizon at the rate given 
by Eq. (|2|). 

There is another way to think of this. We have 
already seen that the momentum of an infalling 
string, as reckoned by an external observer, in- 
creases like as co gets large. The increased time 
resolution can simply be thought of as the Lorentz 
contraction of time between the two frames. 

Let us now review some of the fundamentals of 
light-front gauge string theory. We will work in 
units where a' = 1/2. The world sheet coordi- 
nates are taken to be (r, a) , where t is the time- 
like direction, and the metric on the world sheet is 
just the usual two-dimensional Minkowski metric. 
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We define light front coordinates in spacetime by 



(27) 



and clioose the eauee X+ = T.[] After eauee fix- 
ing, the longitudinal coordinate X~ is completely 
determined in terms of the transverse coordinates 
X, and the action for the transverse coordinates 
is simply 



S 



1 

2^ 



drda 



(28) 



In addition, we have the condition that , the 
longitudinal momentum, is conserved, and is uni- 
formly distributed along the string. For conve- 
nience, we will set p"*" = 1. The transverse string 
coordinates can be expanded as 



X(a) 



- \dne 



2ina 



-2ina 



(29) 



where x is the center of mass position of the string 
at T = and the obey the commutation rela- 
tions 



(30) 



Let us now use light-front string theory to an- 
swer the question, how big is a string? Specif- 
ically, we will calculate the mean square trans- 
verse size of a closed bosonic string in its ground 
state. This is given by the matrix element 



X{0)-x) |0) 



(31) 



Explicit calculation of Eq. (|3l| ) using the mode 
expansion Eq. (p9|) yields 



2 D — 2 

X{0)-x] 10) = ^— 



oc ^ 

E- 



(32) 



n=l 



which diverges logarithmically. Thus our calcu- 
lation leads to the idea that the string has an 
infinite transverse extent. But what does this 
mean? Is this another infinity which should be 
renormalized somehow? The answer is no - let us 



'^Note that the usual convention is 

X^~^), but the above choice is more convenient for our 
purposes. 



see why. Consider an actual experiment designed 
to measure the transverse size of a string. Such 
an experiment will take some amount of time e to 
perform, and thus will be insensitive to frequen- 
cies greater than N ^ 1/e. Thus the mode sum 
in Eq. ( ^^ should be cut off at iV, giving a finite 
but e— dependent answer. 



X{0) 



|0) 



D 



^ 1 

E- 

Z — / r, 



(33) 



which behaves like log(l/e). We see that as the 
resolution time e goes to zero, the measured size 
of the string diverges logarithmically. This be- 
havior is nothing more than the Regge nature of 
string scattering amplitudes. It is also possible 
to show that the total measured length of string 
diverges like 1/e ||l^. From this we see that as 
e decreases, the string appears to fill space more 
and more densely. 

A similar calculation can be performed for the 
longitudinal size of the string, and one finds that 




{X-{Q)-x-Y\Q)^-. 



(34) 



This shows that the usual Lorentz contraction 
along the direction of motion is eventually halted 
in string theory, and the string begins to grow like 
1/e. 

Now let us return to the case of an external 
observer watching a string fall toward the event 
horizon of a large black hole. From Eq. |2^, we saw 
that an external observer has a time resolution 
that decreases like e"*/^'^^^. Thus, an external 
observer will see the mean squared radius of the 
string grow like t/AGM, while its total length and 
longitudinal spread will increase like e*/^C!M ^ 

Using this, we see that the time to spread over 
the entire horizon is of order isprcad = G^M^, 
which is much less than the evaporation time 
^cvap = G^M^. In addition, the longitudinal 
spread causes the string to fill up a region near 
the horizon, where it appears to float. 

The previous analysis shows that someone ob- 
serving an infalling string will find that it appears 
to grow and cover the horizon, forming a sort 
of stringy goo just above the horizon ||l^. One 
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may rightly ask if there is any sense in which the 
information contained in the string state also is 
spread out, or thermalized. In ordinary field the- 
ory, degrees of freedom are independent of each 
other unless they have a non- vanishing commuta- 
tor. It is then natural to ask, what is the analo- 
gous statement in string theory? 

In work by Lowe and the authors this 
question is addressed using light front bosonic 
string theory. The commutator of two compo- 
nent fields at equal light front time is shown to be 
non- vanishing to first order in the string coupling 
even when the arguments of the fields are space- 
like (transversely) separated. This shows that the 
information in the string state also spreads. 

In more recent work by Lowe, Polchinski, Thor- 
lacius, and the authors ||l^, the commutator 
of appropriately dressed low energy component 
fields is calculated and shown to be nonzero when 
the fields are at different light front times. More 
precisely, suppose observer 1 at position xi stays 
in front of the horizon at some finite distance p, 
while observer 2 freely falls through the horizon. 
Let X2 lie on the world line of observer 2 behind 
the horizon. Let (/>(xi) and 4>{x2) be component 
fields which are low energy in the frame of the 
respective observers. Then the matrix element 



(O|[0(a;i),0(a;2)][0(a;2),0(a;i)]|O) 



(35) 



is shown to be nonzero to first order in the string 
coupling, and in fact grows like g*/'"^*^. This 
growth can ultimately be traced to the Regge be- 
havior of string scattering amplitudes, and the 
existence of the graviton in string theory. 

The calculation of the size of a string in its 
ground state was performed using free string the- 
ory. We saw that because the length of string 
grows faster than the area it occupies, the string 
becomes dense as e decreases. When the trans- 
verse density becomes of order l/p^, interactions 
will become important, and our perturbative cal- 
culation can no longer be trusted. Presumably, at 
this stage non-perturbative string physics takes 
over and the density does not grow past the 
Planck density. We will have more to say about 
this later. 



9. Black Hole Entropy in String Theory 

It was stated earlier that black holes have an 
entropy, given by the Bekenstein-Hawking for- 
mula, 



S 



A 



(36) 



where A is the area of the horizon and we have 
made the factor of h explicit. It should be pointed 
out here that the fact that black holes have a non- 
vanishing entropy is not due to quantum mechan- 
ics. The fact that the entropy is finite is due to 
quantum mechanics, as can be seen in Eq. (|3^). 
As ?i ^ 0, the entropy diverges. 

The fact that black holes have entropy has been 
an extremely confusing one, for at least two rea- 
sons. We ordinarily think of entropy as having to 
do with counting the number of degrees of free- 
dom of a system, and since the entropy is propor- 
tional to the area of the horizon, it certainly seems 
as if we are counting the states of something near 
the horizon. Precisely what states are being enu- 
merated, however, remains unclear. What makes 
this even more confusing is that we are attribut- 
ing an entropy to something which is essentially a 
classical solution of the gravitational field equa- 
tions, something which seems very much like a 
soliton, and we certainly do not ordinarily assign 
an entropy to a soliton. 

On the other hand, it is possible to calculate 
the entropy of a field propagating on a fixed black 
hole background. We saw in Chapter 3 that the 
correct way to think of a quantum field propagat- 
ing outside a black hole is as a thermal system, so 
we could follow 't Hooft and propose that the en- 
tropy of the black hole is nothing but the entropy 
of the thermal atmosphere of particles around the 
black hole. The trouble is, explicit calculation of 
the entropy of a massless, real free scalar field 
in the thermal or Unruh state outside a black hole 
shows that the entropy is quadratically divergent, 
and is given by 



(37) 



where £ is a proper distance cutoff of the theory 
and c is a numerical factor which depends on the 
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precise form of the cutoff. This is in sharp dis- 
tinction to Eq. (^6|), which is manifestly finite. 

This raises the question, should we include this 
divergent entropy as part of the entropy of the 
black hole? If not, why not? The point is that 
the divergent entropy of the field (j> is due to the 
enormous number of states that are available to 
the field near the horizon. This can be seen by 
explicit computation, but it is connected with 
the ideas introduced earlier of what happens to 
matter as it approaches the horizon. If parti- 
cles are allowed to Lorentz contract to arbitar- 
ily small longitudinal extent, then an arbitrar- 
ily large number of them can be packed close to 
the horizon, giving a divergent entropy. These 
states are of extremely short wavelength, but do 
not carry a lot of energy because of the redshift 
phenomenon. The above paradoxes have led some 
physicists to abandon the connection between en- 
tropy and state counting, but we shall assume 
that it continues to hold for black holes, and see 
where that leads us. 

Let us now consider how to calculate the en- 
tropy of a Rindler horizon. We have seen that 
one of the advantages of Rindler horizons over 
real black hole horizons is that we can use flat 
space, where we know basically how to perform 
calculations. The Rindler horizon is infinite in 
area, but we expect the entropy per unit area to 
be well defined. 

One way of doing statistical mechanics for a 
canonical ensemble is to perform a Wick rotation 
to imaginary time, and then make the time vari- 
able periodic with period /3 = 1/T, where T is 
the temperature of the canonical ensemble. Thus 
we will be dealing with Euclidean Rindler space, 
which has the line element 



dx^ 



(38) 



where 6 G (0, 0) is the Euclidean time variable 
and X denotes the transverse coordinates. The 
horizon has now been compressed to the surface 
p = 0. If /3 = 2tt, then Eq. (|38| ) is nothing more 
than the line element for flat Euclidean space in 
cylindrical polar coordinates. For (3 ^ 2tt, the 
space has the geometry of the cross product of 
a cone with D — 2 dimensional flat space. This 
geometry has a curvature singularity at the hori- 



zon. Since such a singularity was not present in 
the original spacetime, we must choose P — 2tt, 
rederiving the Rindler temperature. 

The Rindler Hamiltonian now generates rota- 
tions of the space, and the Unruh density opera- 
tor is simply equal to 



PUn 



where Z((3) is the partition function, 
Z{l3)=trieM-pHR)) . 



(39) 



(40) 



We now want to calculate the entropy for this 
density operator with (3 = 2tt. 

One way of calculating the entropy is to recall 
the thermodynamic relations 



Z(/3) 
and 



exp(-/3F(/3)) 



dF 



(41) 



In order to use these identities, however, we have 
to be able to vary (3 away from 27r, which means 
we must do physics, either field theory or string 
theory, on a cone. 

Let us imagine representing the partition func- 
tion Z{/3) as a functional integral over all geome- 
tries with certain boundary conditions. The lead- 
ing order contribution to the functional integral 
is simply exp(— /c(/3)), where Ic is the Euchdean 
action evaluated for the solution of the classical 
equations of motion. (We are ignoring a pos- 
sible cosmological constant term, which cannot 
contribute to the entropy anyway.) Thus we can 
write, to leading order, f3F = Ic- The classical 
action is (ignoring surface terms, which do not 
play a role here) 



Ic = 



1 



IBttGo 
{2tt ~ f3)A 
SvrGo 



d^x^/gR 



(42) 



where A is the area of the horizon and Gg is the 
bare gravitational coupling constant. This then 
gives an entropy 

A 

4g;^' 



(43) 
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It cannot be emphasized enough that we do not 
have a statistical interpretation for the entropy 
here. There is no mention of what states are being 
counted. This is simply a formal procedure-we 
get the correct answer, but we don't really know 
what it means |15|. 

If we add a free scalar field (j) to the system, the 
entropy of the field can be calculated in the same 
way. This was first done by 't Hooft and 
later by other authors. The action can be repre- 
sented as a sum of first-quantized particle paths, 
so we can identify each contribution with a set 
of paths. The set of paths which do not encir- 
cle or touch the horizon do not contribute to the 
entropy. To see why, consider a path in this set. 
The action of the (local) path cannot depend on 
the (global) value of P unless the path is somehow 
entangled with the surface p = 0. Integrating the 
center of mass of a specific configuration around 
the spacetime gives a volume factor proportional 
to /3, which is then divided out to obtain the free 
energy, and the result is thus independent of /?, 
and so contributes zero to the entropy. On the 
other hand, paths which do encircle or touch the 
origin can contribute to the entropy, and these 
are the states which are being counted. The cal- 
culation is easily done, and Eq. (^^ is recovered. 

If we add this new contribution to the entropy, 
we would apparently violate the universality of 
the Bekenstein-Hawking entropy. But we can 



write the sum in a suggestive form |17 



(44) 



and remember that the bare coupling constant is 
renormalized. We can argue that what is going 
on is in fact the renormalization of the coupling 
constant by calculating the renormalization of Gq 
for an arbitrary geometry and showing that the 
coefficients are the same, and explicit calculation 
in perturbation theory shows that this is in fact 
the case ||l^,|l9|. So what we have is essentially 
a low energy theorem, stating that it is the fully 
renormalized gravitational coupling which enters 
the Bekenstein-Hawking formula. In fact, since 
we do not yet actually have a quantum theory 
of gravity, the above can be viewed as a sort of 
consistency condition on the theory The main 



result we should take away from this is that the 
question of finiteness of the black hole entropy is 
intimately entanglement with the ultraviolet be- 
havior of the theory of quantum gravity, and is 
not something that can be understood using only 
low energy effective field theory. 

Conspicuous by their omission from the previ- 
ous discussion are graviton loops. These loops 
are very complicated, and in fact lead to dis- 
asters. These disasters are associated with in- 
frared divergences, which are the manifestation 
of the Jeans instability. The nature of these di- 
vergences can be understood by making an anal- 
ogy to a plasma. The Boulware vacuum is the 
vacuum defined by eliminating all of the thermal 
particles from the Unruh vacuum-it is essentially 
the Rindler Fock space vacuum. This vacuum 
must have a large and negative Minkowski en- 
ergy, because the Minkowski vacuum |0), which 
corresponds to the Rindler space Unruh vacuum, 
has no Minkowski energy. We must therefore at- 
tribute to truly empty Rindler space a large and 
negative energy density. Starting with the Boul- 
ware vacuum, we can fill it up with thermal parti- 
cles until reaches the Unruh state, and the energy 
density vanishes. This is somewhat analogous to 
having a system with a uniform positive charge 
density, and filling up the system with electrons 
until the net charge is zero. People who study the 
statistical mechanics of plasmas know that you 
have to be careful in dealing with the Coulomb 
force, and one must regulate the infrared tails in 
order to define the statistical ensemble. For ex- 
ample, varying the charge density away from its 
background value will create infrared divergences 
unless the Coulomb force is cut off. 

This analogy suggests the following order of op- 
erations in calculating the entropy of the horizon. 
We must first infrared-regulate the theory, by cut- 
ting off the long range gravitational field. Having 
done this, we can vary (3 away from 27r to calcu- 
late the entropy. After obtaining the functional 
form of the entropy, we evaluate it for /3 — 2tt. Fi- 
nally, we take away the regulator, and hope that 
the answer remains well defined. 

The story is slightly more complicated for 
string theory |^^. As we saw earlier, for 13 ^ 2n, 
the geometry is the product of a cone with flat 
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space, and this background geometry does not 
satisfy the conditions for conformal invariance of 
the world sheet theory, and the world sheet theory 
is not ultraviolet finite. To define the theory off- 
shell, we must introduce a world sheet ultraviolet 
regulator into the theory. But as we saw before, 
this has exactly the effect of cutting off the space- 
time theory in the infrared! Thus, by introducing 
the world sheet regulator we simultaneously de- 
fine the theory off-shell and eliminate the Jeans 
instability, so we can expect that the statistical 
ensemble will be well defined. Of course, this is 
a conjecture about how to define string theory 
off shell, so we should check that our answers are 
independent of this prescription. 

So our task now is to calculate the genus ex- 
pansion of the free energy of strings in a conical 
background, which will take the form 



13F{(3) 



n=0 



(45) 



where g is the string coupling constant and Z^"^ 
is the partition function for the two dimensional 
theory on a world sheet of genus n. Consider first 
the genus zero term. If we imagine using a lattice 
regulator, so that the world sheet is composed 
of N points, then the partition function of the 
world sheet theory reduces to a product of ordi- 
nary coupled Gaussian integrals. Because of the 
exponential fall off of the integrands, there can 
be no nonlocal behavior introduced into the inte- 
grals, so on general grounds, we can expand the 
partition function in local geometric invariants as 

= -tttV \ I '^"^Vffi? + q\ , (46) 
167rGo yj 

where Q contains all the other terms which enter 
the expansion. (We are again dropping any cos- 
mological constant term, which cannot contribute 
to the entropy.) In general, Q will depend in a sin- 
gular way on the world sheet regulator and on the 
conformal degrees of freedom, but it is important 
to note that the first term does not depend on 
either. These singular terms can be interpreted 
as the residue of the graviton, whose long range 
field has been truncated by the regulator. 



The contribution from the first term of Eq. (46) 
is precisely the term we found before, and gives 



an entropy equal to Eq. ([43[). For the remaining 
terms, it is easy to argue that they either vanish 
by integration by parts, or are proportional to 
(27r — /3)^, and so will vanish when we set /9 = 2tt. 
Thus, the only term which can contribute to the 
entropy is the first term, which gives Eq. (^3|), 
and we can safely remove the world sheet regu- 
lator. So the genus zero contribution to the en- 
tropy of the horizon is precisely the Bekenstein- 
Hawking entropy, with the bare coupling constant 
Gq. The analysis goes through essentially un- 
changed for the higher genus contributions, al- 
though for higher genus we must also regulate 
the corners of the moduli space. 

Since the scattering amplitudes of string theory 
are finite, we are guaranteed that when we sum 
up the contributions, the horizon entropy per unit 
area is finite order by order in perturbation the- 
ory, so string theory avoids the problem of any 
infinite contributions to the entropy. 

The answer we obtained for the contribution 
to the horizon entropy from the genus zero par- 
tition is exactly the same as that obtained from 
the classical action of the gravitational field ear- 
lier. In the latter case, however, we saw that there 
was no way to identify which states the entropy 
was counting. Let us now see if we can discover 
what states we are counting in string theory. 

As with the field theory case, the only string 
graphs which can contribute to the entropy are 
those which are somehow entangled with the hori- 
zon. An example for genus zero is shown in Fig. IJ. 
In order to determine the state which this graph 
corresponds to, we simply take a slice of constant 
Euclidean time 9. It is easy to see that the state 
is described by an external observer as an open 
string with both ends frozen to the horizon. This 
state could equally well be described as a closed 
string lying partially behind the horizon. So the 
entropy corresponds to the states of fluctuations 
of open strings pinned to the horizon surface. 

Taking the usual field theory limit a' — > 0, 
these configurations degenerate to points on the 
horizon, and their interpretation as states is lost. 
In this case, we simply have to say that there is an 
entropy whose origin cannot be understood from 
the low energy theory. 
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Figure 4. A genus zero string graph which con- 
tributes to the entropy. 
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Fig. ^ and Fig. ^ show genus one diagrams 
which contribute to the entropy. Fig. ^ shows 
a diagram whose state-counting interpretation is 
simply a closed string which remains outside the 
black hole. The a' — > limit of this diagram 
simply corresponds to a particle which remains 
forever outside the black hole. Fig. ^, however, 
cannot be identified as a single state, but only as 
an interaction between a string frozen to the hori- 
zon and a string outside the black hole. This term 
should not be thought of as the entropy of any- 
thing, but as a correction term. In the a' — > 
limit, these diagrams must be associated with 
contact terms with the horizon. These terms have 
been discovered in ordinary quantum field theory 

I!- 

Thus we see that the stranded strings can in- 
teract with each other and with strings outside 
the black hole, so what we have is a complicated 
many body problem near the horizon with a large 
number of degrees of freedom. This system, as 
with any other complicated system, is capable 
of storing, thermalizing, and re-emitting informa- 
tion which it comes into contact with. 



Figure 5. A genus one string graph showing 
a string which remains permanently outside the 
horizon. 
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Figure 6. A genus one string graph showing an 
interaction between a stranded string and an ex- 
ternal string. 
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10. The Holographic World 

In the previous chapters, we have seen that 
strings exhibit a variety of new and interest- 
ing phenomena which are relevant to the physics 
of black holes. These include the observed 
transverse spreading, the reversal of longitudi- 
nal Lorentz contraction, the fact that string field 
commutators do not vanish at spacelike separa- 
tion, the finiteness and interpretability of horizon 
entropy in string theory. The task at hand now 
is to understand what all these phenomena im- 
ply for a non-perturbative formulation of quan- 
tum gravity. 

To begin, let us count the number of degrees 
of freedom of string theory. To do so, we need to 
make sure that any gauge symmetries of the the- 
ory are completely fixed, since gauge symmetries 
are not really symmetries at all, but redundan- 
cies in the description of the theory. The only 
such complete gauge fixing of string theory that 
we know of is the light front gauge. 

As we have seen, in light front gauge the longi- 
tudinal momentum of the string is uniformly dis- 
tributed over tJ, and the conservation of longitu- 
dinal momentum is equivalent to the conservation 
of the total parameter length. Let us regulate the 
string theory by dividing the string into N pieces, 
each with longitudinal momentum e = /N. It 
is then true that in any string interaction, the 
number of bits of string, or partons, is conserved. 

The free string Hamiltonian in light front gauge 
is then given by 



Ho 



-E 

2e ^ 



.(47) 



The interaction Hamiltonian will include terms 
which generate the usual splitting and joining of 
strings, as well as contact terms which are neces- 
sary for gauge invariance. 

There are some interesting aspects of the reg- 
ulated light front theory. First of all, the full 
Hamiltonian depends only on the transverse di- 
rections. The interaction Hamiltonian contains 
only delta- functions of transverse position. There 
is no part of the Hamiltonian which depends on 
the longitudinal direction. On the face of it, this 
fact seems very odd, and seems to indicate a se- 



vere degree of non-locality in the theory. We will 
soon see the significance of this. 

Second, if one adds more partons (increasing 
N and simultaneously decreasing the minimum 
longitudinal momentum e) one finds that the 
string does not develop short distance structure 
in spacetime. Instead, one obtains lots of very 
large loops, all with radius of curvature of order 
\foii jl^]. These loops are contained within an 
area of order log(iV). Thus, as we increase the 
resolution, we do not obtain lots of small wiggles 
around a nice, limiting curve, but instead find a 
wildly undulating mess of string which grows very 
dense. 

Finally, independent of string theory, suppose 
that the number of degrees of freedom N nec- 
essary to describe Planck scale physics inside a 
volume V was proportional to the volume. This 
leads immediately to a contradiction with black 
hole physics and the Bekenstein-Hawking entropy 
||2C| ]. For suppose we have some mass M inside 
V . If the boundary of V has area A, drop in a 
shall of mass that causes a black hole of area A to 
form. Then the Bekenstein-Hawking entropy for- 
mula tells us that the number of degrees of free- 
dom necessary to describe Planck scale physics 
in the volume after we have added some mass 
is proportional to A. Thus the entropy has de- 
creased, in direct contradiction to the second law 
of thermodynamics. Thus the maximum number 
of non-redundant degrees of freedom necessary to 
describe Planck scale physics inside a volume V 
must in fact be proportional to the area of the 
boundary. 

Moreover, this suggests that, given a system 
inside a volume, there exists a mapping of the 
system onto a set of surface degrees of freedom 
which preserves the information contained within 
the original system. In particular, if we place a 
large screen outside a black hole, there is a map- 
ping from each Planck area on the event horizon 
to a Planck area on the screen. 

Are these ideas crazy? It turns out that by 
using the focussing theorem of general relativity, 
it is easy to show that, at least at the classical 
level, one can in fact construct an injective map 
from the surface of a black hole to the surface of 
a flat screen far away. Similarly, one can show 
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that no matter how many black holes one puts in 
a row, there always exists an injective map from 
the union of the event horizons to the screen. The 
conclusion, then, is that gravity should be able to 
be formulated as a 2+1 dimensional theory with 
one degree of freedom per Planck area [ po| . 

The significance of the strange non-locality 
we encountered in the light front formulation of 
string theory is now becoming more clear. As we 
saw above, the light front formulation of string 
theory, which is fully gauge fixed and contains no 
redundant degrees of freedom, does not depend 
at all on the longitudinal direction - it is a 2+1 
dimensional theory. Thus string theory is in some 
sense already a holographic theory. 

We saw earlier that as resolution time decreases 
(energy increases) the string becomes more and 
more dense in spacetime. When the transverse 
density p becomes of order l/t;^, interactions be- 
come important, and we expect non-perturbative 
effects to enter. This is, in fact, how the Planck 
scale enters string theory. In order for string the- 
ory to be consistent with the idea that there is 
no more than one degree of freedom per Planck 
area, the non-perturbative effects must be such 
that the string bits become repulsive. We can 
guess that the mean squared radius must start to 
obey N beyond a certain momentum, pre- 

sumably of order the Planck energy. This implies 
that we should expect a cross section for Planck- 
scale scattering which grows like the energy at 
high energy. 

In conclusion, we see that string theory, if for- 
mulated as a 3+1-dimensional theory, must have 
so much gauge freedom that a complete gauge 
fixing will reduce the theory to a discrete 2+1- 
dimensional theory. This amount of gauge sym- 
metry is far larger than anything we have yet 
encountered. We can easily conjecture that the 
myriad dualities being discovered may be provid- 
ing a first glimpse at how this gauge symmetry is 
implemented in string theory. 
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